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Outline 

1) Remarkable progress in scattering amplitudes. 

2)  A hidden structure in gauge and gravity amplitudes. 

    —  a duality between color and kinematics. 

    —  gravity as a double copy of gauge theory. 

3) Application:  Surprises in UV properties of point-like  

    theories of quantum gravity.   Conservative but bold  

    approach to  quantum gravity. 

New results from past year:   

   1) Clear examples where standard symmetry arguments fail 

        to predict (and postdict) UV finiteness. 

   2) uncovered reason behind surprising UV cancellations in  

        supergravity, at least in relatively simple cases. 

See also Sokatchev’s talk 
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Constructing Multiloop Amplitudes 

We do have powerful tools for complete calculations including 

nonplanar contributions and for discovering new structures: 

• Unitarity Method. 

 

• On-shell recursion. 

• Duality between color and kinematics. 

• Advanced loop integration technology. 

ZB, Dixon, Dunbar, Kosower 

ZB, Carrasco, Johansson , Kosower 

ZB, Carrasco and Johansson 

In this talk we will explain how the duality between color and 

kinematics allows us to to probe deeply the UV properties of  

supergravity theories.  

Chetyrkin, Kataev and Tkachov; A.V. Smirnov;  V. A. Smirnov,  Vladimirov;  Marcus, 

Sagnotti; Cazkon;  etc 

Britto, Cachazo Feng and Witten;  Arkani-Hamed  et al 
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ATLAS Comparison Against NLO QCD 

Unitarity approach is used to  

carry out state of the art NLO  

QCD computations of  multijet 

processes at the LHC. 

Z +1, 2, 3, 4 jets inclusive 

• Even W + 5 jets in NLO QCD has also been done. 

• Serious advance in our ability to do NLO QCD calculations. 

+Sherpa 

¸ 1 ¸ 2 ¸ 3 ¸ 4
Njet 

very good 
 agreement 

with no tuning 

ZB, Dixon, Febres Cordero, Ita, Kosower, Maitre, Ozeren [BlackHat collaboration] 

 A triumph for unitarity method.   

Beyond Feynman diagram approach. 
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Review:  The structure of gravity scattering 

amplitudes 
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Gravity vs Gauge Theory 

Gravity seems so much more complicated than gauge theory. 

Infinite number of  

complicated interactions 

Consider the gravity Lagrangian 

Compare to Yang-Mills Lagrangian on which QCD is based 

 + … 

Only three and four 

 point interactions 

terrible  mess 

flat metric 

metric 

graviton 
field  
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Three Vertices 

    About 100 terms in three vertex 

 Naïve conclusion: Gravity is a nasty mess. 

         Definitely not a good approach. 

Three-graviton vertex: 

Three-gluon vertex: 

Standard Feynman diagram approach. 
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Simplicity of Gravity Amplitudes 

gauge theory: 

gravity: 
double copy  

of  Yang-Mills  

vertex.  

• Using modern on-shell methods, any gravity scattering   

  amplitude constructible solely from on-shell 3 vertex.   

• Higher-point vertices irrelevant!  On-shell recursion for    
  trees, and unitarity method for loops. 

On-shell three vertices contains all information:  

People were looking at gravity the wrong way.  On-shell 

viewpoint much more powerful. 
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Duality Between Color and Kinematics 
ZB, Carrasco, Johansson  (BCJ) 

Color factors based on a Lie algebra:  

coupling  
constant 

color factor 
momentum dependent 
kinematic factor 

Color factors satisfy Jacobi identity:   

Use  1 = s/s = t/t = u/u  

to assign 4-point diagram 

to others. 

Numerator factors satisfy similar identity:   

Jacobi Identity 

Color and kinematics satisfy the same identity 

Atree
4 = g2

³nscs
s

+
ntct

t
+

nucu

u

´
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 Duality Between Color and Kinematics 

Nontrivial constraints on amplitudes 

Consider five-point tree amplitude: 

 kinematic numerator factor 

 Feynman propagators 

Claim: At n-points we can always find a rearrangement so color and  

  kinematics satisfy the same algebraic constraint equations. 

 color factor 

 

BCJ,   Bjerrum-Bohr, Feng,Damgaard, Vanhove, ; Mafra, Stieberger, Schlotterer;  Cachazo; 

 Tye and Zhang; Feng, Huang, Jia; Chen, Du, Feng; Du, Feng,  Fu; Naculich, Nastase, Schnitzer 

c1¡ c2+ c3 = 0

c1 ´ fa3a4bfba5cfca1a2; c2 ´ fa3a4bfba2cfca1a5; c3 ´ fa3a4bfba1cfca2a5

ZB, Carrasco, Johansson  (BCJ) 

n1¡n2+n3 = 0
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gauge  
theory: 

gravity: 

sum over diagrams 

with only 3 vertices 

Cries out for a unified description of the sort given by string theory! 

Gravity numerators are a double copy of gauge-theory ones! 

BCJ 

Tree level proof, ZB,  Dennen, Huang,  Kiermaier;  Bjerrum Bohr,  Damgaard, Vanhove   

Then: ci) ~ni kinematic numerator of second gauge theory 

This works for ordinary Einstein gravity and susy versions. 

c1+ c2+ c3 = 0 , n1+n2+n3 = 0

 kinematic numerator  color factor 

Assume we have: 

 Gravity and Gauge Theory 

See also  

Mike Duff’s  

talk. 
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ZB, Carrasco, Johansson  (2010)  

Loop-level is identical to tree-level one except for symmetry 

factors and loop integration. 

Double copy works if numerator satisfies duality. 

sum is over  

diagrams 

propagators 

symmetry 
factor 

color factor 
kinematic 
numerator 

gauge theory 

gravity 

Loop-Level Conjecture 
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ZB, Carrasco, Johansson (2010) 

For N = 4 sYM we have the 

ability to go to high loop  

orders.  Go to 3 loops.  

(1 & 2 loops works.) 

• Duality works! 

• Double copy works! 

• N = 8 supergravity  

   numerators are free. 

Explicit Three-Loop Check in Maximal sYM  
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BCJ  
Gravity integrands are free! 

 If you have a set of duality satisfying numerators. 

                                  To get:    

simply take 

color factor        kinematic numerator 

gauge theory         gravity theory 

Gravity loop integrands are trivial to obtain! 

Ideas generalize to loops:  

ck           nk 

color factor 

kinematic 
numerator (k) (i) (j) 
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Generalized Gauge Invariance 

 Above is just a definition of generalized gauge invariance 

• Gravity inherits generalized gauge invariance from gauge theory! 

• Double copy construction works even if only one of the two copies  

   has duality manifest! 

gauge theory 

gravity 

BCJ 

Bern, Dennen, Huang, Kiermaier 

Tye and Zhang 

(c®+ c¯ + c°)f(pi) = 0
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Application: UV Properties of Gravity 
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Dimensionful coupling 

Extra powers of loop momenta in numerator 

means integrals are badly behaved in the UV. 

Gravity:  

Gauge theory: 

Non-renormalizable by power counting. 

Power Counting at High Loop Orders 

 Reasons to focus on extended supegravity, especially N = 8. 

• With more susy expect better UV properties. 

• High symmetry implies technical simplicity. 
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Finiteness of N = 8  Supergravity? 

If N = 8 supergravity is finite it would imply a new symmetry 

or non-trivial dynamical mechanism.  No known  

symmetry can render a D = 4 gravity theory finite. 

The discovery of such a symmetry would have a  

fundamental impact on our understanding of gravity. 

 Note:  Perturbative finiteness is not the only issue for consistent 

gravity:  Nonperturbative completions? High energy behavior of 

theory?  Realistic models? 

Consensus opinion for the late 1970’s and early 1980’s: 

All supergravities would diverge by three loops and 

therefore not viable as fundamental theories.  

After many decades in the wilderness supergravity is back  under 

consideration. 



3 loops 

5 loops 

Has never been 

attempted via 

Feynman 

diagrams. 

~1020 
TERMS 

~1031   
TERMS 

Suppose  we want to check if opinions are true 

using Feynman digrams 

−Calculations to settle 

this seemed utterly 

hopeless! 

−Seemed destined for 

dustbin of undecideable 

questions. 

~1026   
TERMS 

4 loops 

Feynman Diagrams for  Gravity 

With modern techniques all these are doable 
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Complete Three-Loop Result 

Three loops is not only 

ultraviolet finite it is  

“superfinite”— finite for 

 D < 6. 

 

All UV cancellations exposed 

manifestly 

ZB, Carrasco,  Dixon, Johansson, Kosower, Roiban; hep-th/0702112  

ZB, Carrasco, Dixon, Johansson, Roiban  arXiv:0808.4112 [hep-th]  

Obtained via on-shell unitarity method: 

No UV divergence in sight. 
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Four-Loop Amplitude Construction 

leg perms 
symmetry factor 

ZB, Carrasco, Dixon, Johansson, Roiban  

Get 50 distinct diagrams or integrals  (ones with two- or  

three-point subdiagrams not needed).   

Integral 

 UV finite for D <  11/2 

It’s very finite!   Finite in D = 5               

Originally took more than a year. 

Today with the double copy we can reproduce it in a few days!  

Is it finite  

in D = 5? 

Bet with  

Kelly Stelle. 
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Current Status N = 8 supergravity 

More recent papers argue that trouble starts at 5 loops and by  

7 loops we have valid UV counterterm in D = 4 under known  

symmetries (suggesting divergences) . 

Bossard, Howe, Stelle; Elvang,  Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Bjornsson ; 

       Bossard , Hillmann and Nicolai;  Ramond and  Kallosh;  Broedel  and Dixon; Elvang and Kiermaier; 

       Beisert,  Elvang, , Freedman, Kiermaier, Morales, Stieberger 

To settle the debate it’s time to 

to calculate again! 

On the other hand duality between color and kinematics 

not accounted in these arguments. 
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N = 8 Sugra 5 Loop Calculation 

A reasonable person would bet on divergences. 

But is a reasonable person right? 

• At 5 loops in D = 24/5 does 

  N = 8 supergravity diverge? 

•At 7 loops in D = 4 does 

  N = 8 supergravity diverge? Kelly Stelle:  

English wine 

“It will diverge” 

Zvi Bern: 

California wine 

“It won’t diverge” 

Place your bets: 

ZB, Carrasco, Johannson, Roiban 

5 loops 

Key step done for N = 8 supergravity:  construction of corresponding  

5 loop integrand of N = 4 sYM theory.  Still need to find BCJ form. 

Still working to get this. 

D8 R4 divergence in both cases 
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N = 4 Supergravity at Three Loop 

• Reducing susy lowers loop order of potential divergences. 

• Duality between color and kinematics gives us the ability   

   to do the calculation. 

Consensus had it that a valid R4 

counterterm exists for this theory in D = 4. 

Analogous to 7 loop counterterm of N = 8. 

Bossard, Howe, Stelle;  Bossard, Howe, Stelle, Vanhove (2011)    

ZB, Davies, Dennen, Huang  (2012) 

Fine, but do we have any example where a divergence  

vanishes but for which there is no known standard symmetry  

explanation?  Yes: 1) D = 4 N = 4 supergravity a 3 loops. 

        2) D =5 half-maximal supergravity at 2 loops 

N = 4 supergravity: Cremmer, Scherk and Ferrara 
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N =  4 Supergravity at Three-Loops 

N = 4 sugra :  (N = 4 sYM) x (N = 0 YM) 

» l ¢ k s2tAtree
4 » ("i ¢ l)4 l4

N = 4 sYM pure YM 

Feynman  
representation 

 BCJ  
representation 

Z
(dDl)3

k7l9

l20

N = 4 sugra linear 

divergent 

simple to see 

finite for N=5,6  

sugra  

Integrals have subdivergences which cause serious complications.   

Solved 30 years ago by Vladimirov and by Marcus and Sagnotti. 

Use the double copy formula: 



The N = 4 Supergravity UV Cancellation 
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All divergences cancel completely! 

ZB, Davies, Dennen, Huang 

 UV finite contrary to everyone’s expectations! 

Individual diagrams gauge dependent 

But sum over diagrams gauge invariant 

D= 4¡ 2²

A simpler example is D = 5  half maximal supergravity at 2 loop 



Explanations? 
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Key Question:  

Is there an ordinary symmetry explanation for this?  

Or is something extraordinary happening? 

Bossard, Howe and Stelle (2013) showed that 3 loop finiteness can  

be explained by ordinary superspace means, assuming a 16  

supercharge off-shell superspace exists. Z
d4xd16µ

1

²
L

If true, then there is a perfectly good “ordinary” explanation. 

Does this superspace exist? 

Not easy to construct:  A harmonic superspace with infinite number 

of auxiliary fields and also it must be Lorentz non-covariant. 

More qs implies more  

derivatives in operators 



Explanations? 
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Prediction of superspace:  If you add N = 4 vector multiplets, 

amplitude should develop no new 2, 3 loop divergences. 
Bossard, Howe and Stelle (2013) 

 Prediction motivated us to check case with vector multiplets. 

      Adding vector multiplets causes diverges both at 2, 3 loops. 

The required superspace is hard to construct because it does not exist! 

                   This leaves our supergravity friends puzzled.  

ZB, Davies, Dennen (2013) 

Four vector multiplet amplitude diverges at 2, 3 loops! 

UV divergence 

Highly nontrivial prediction because N = 4 supergravity with matter 

already diverges at one loop! Fischler (1979) 

nV = Ds - 4 matter  
multiplet 

external graviton multiplet 



What is new magic? 
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• Non-renormalization understanding from heterotic string. 
Tourkine and Vanhove (2012) 

Some recent papers: 

• A hidden superconformal symmetry in N = 4 supergravity. 

Ferrara, Kallosh, van Proeyen (2012) 

• At 1,2 loops in D = 4, 5 a direct link between UV cancellations in 

nonsupersymmetry YM and finiteness of half max supergravity 

ZB, Davies, Dennen (2013) 



One-Loop Warmup in Half-Maximal Sugra 
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ZB, Davies, Dennen, Huang 
Generic color decomposition:  

Q = 0  is pure non-susy YM Q = # supercharges 

N = 4 sYM numerators very simple: independent of loop momentum 

To get Q +16 supergravity take 2nd copy N = 4 sYM 

c
(1)
1234 ! n1234

color factor 

is color factor of this box diagram 
s = (k1 + k2)

2

t = (k2 + k3)
2



One-loop divergences in pure YM 
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ZB, Davies, Dennen, Huang 

Go to a basis of color factors 

CA = 2 Nc for SU(Nc) 

Three independent one-loop color tensors 

All other color factors expressible in terms of these three: 

one-loop color tensor 

tree color tensor 

1 

2 3 

4 

3 

4 1 

2 



One-loop divergences in pure YM 
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ZB, Davies, Dennen, Huang 

D = 6: F3 counterterm: 1-loop color tensor again not allowed. 

In a basis of color factors: 

Q supercharges (mainly interested in Q = 0) 

F3 = fabcFa¹
º Fbº

¾ Fc¾
¹

M
(1)

Q+16(1; 2; 3; 4)

¯̄
¯
D=4;6div:

= 0

A
(1)

Q (1;2; 3; 4) +A
(2)

Q (1; 3;4; 2) +A
(1)

Q (1; 4; 2; 3)

¯̄
¯
D=4;6 div:

= 0

one-loop color tensor 

D = 4: F2  is only allowed counterterm by renormalizability 

            1-loop color tensor not allowed. 

tree color tensor 



Two Loop Half Maximal Sugra in D = 5 
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ZB, Davies, Dennen, Huang 

D = 4 F2 counterterm: 1,2-loop color tensors forbidden! 

D = 5 F3 counterterm: 1,2-loop color tensors forbidden! 

1) Go to color basis. 

2) Demand no forbidden color tensors in pure YM divergence. 

3) Gravity amplitude proportional to two-loop color tensor, 

      which is forbidden iin D = 4, 5. 

Half maximal supergravity four-point divergence vanishes  

because forbidden color tensor cancels in pure YM theory. 



One and Two Loop UV Magic 
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ZB, Davies, Dennen 

At least at 1 and 2 loops for N > 4 supergravity we identified  

the magic of UV cancellations: 

 

It is the same well known magic found by  ’t Hooft and Veltman  

40 years ago that prevents forbidden divergences appearing in  

ordinary non-supersymmetric gauge theory! 

 Higher loop situation is more complicated because 

N = sYM numerators carry loop momenta.  Currently investigating. 

Completely explains the D = 5 two-loop half maximal sugra case 

which remains mysterious to our supergravity friends. 



Four-loop N = 4 Sugra in Progress 
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• 82 nonvanishing diagram types. 

• Highly nontrivial ~109 terms.  Complexity comes from N = 0 

   Yang-Mills side of double copy. 

•  Mostly done but still dealing with 1, 2 loop subdivergences. 

Does pure N = 4 supergravity diverge at four loops or is it finite? 

• If it is finite,  we should be able to link it to YM cancellations. 

• If it is divergent, what  is the structure and does it provide 

   guidance for N > 4 (especially N = 8) supergravity? 

… 

ZB, Davies, Dennen, A. Smirnov, V. Smirnov 

Will be extremely important input. 



Ongoing Work and Next Steps 
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• Better means for finding BCJ representations of gauge theory. 

 

• String theory description of supergravity UV. 

 

• Gauge and gravity amplitudes in the high energy limit:  Important  

   laboratory for studying duality between color and kinematics 

  

• Find the connection to Lagrangian description of gravity. 

• Find underlying symmetry responsible for duality between color 

   and kinematics.     

 

 

Bjerrum-Bohr,  Dennen, Monteiro and O'Connell (2013) 

Tourkine and Vanhove  (2012) 

ZB, Dennen, Huang, Kiermaier (2010); Tolotti and Weinzierl (2013) 

Bartels, Lipatov and Sabio Vera (2012);  Sabio Vera, Serna Campillo, Vazquez-Mozo (2013) 

Mentioned in Lipatov’s talk 

Self dual: O’ Connel and Monteiro (2011) 
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Summary 

• A new duality conjectured between color and kinematics.  

• When duality between color and kinematics manifest, gravity 

   integrands follow immediately from gauge-theory ones. 

• Surprisingly good UV behavior of supergravity uncovered. 

• N = 4, D =4 sugra with no vector multiplets has no 3-loop  
  4-point divergence, contrary to standard symmetry considerations. 
 
• UV power counting using known symmetries and their known 
   consequences can be misleading.  Concrete example.   

 

We expect to gather enough information in the coming years to  

 unravel the duality between color and kinematics, including its  

 implications for ultraviolet properties of supergravity.   
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Further Reading 

If you wish to read more see following non-technical descriptions. 

 

Hermann Nicolai, PRL Physics Viewpoint,  “Vanquishing Infinity” 

http://physics.aps.org/articles/v2/70 

 

Z. Bern, L. Dixon, D. Kosower,  

May 2012 Scientific American,  

“Loops, Trees and the Search for New Physics” 

 

Anthony Zee, Quantum Field Theory in a  

Nutshell,  2nd Edition is first textbook to  

contain modern formulation of scattering  

and commentary on new developments.   

4 new chapters. 

http://physics.aps.org/articles/v2/70

