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• Electric-Magnetic Duality is one of the most fascinating 
symmetries of non-linear (and thus interacting) theories of 
gauge fields. 

• Free Maxwell theory is the prototype of e.m. duality invariant 
theory. In the vacuum, the Eqs of motion read  

 

 

•  they are invariant under SO(2) rotations :  

Introduction 



• in terms of electric and magnetic fields : 

so that the Maxwell Eqs  

are invariant. 

Note that the Hamiltonian  

is e.m. duality invariant, 
 
while the Lagrangian is not. 



• Note also that “duality symmetry” is NOT an internal 
symmetry, since it rotates a tensor into a pseudo-tensor. 

• Electric-Magnetic dualities are the transformations among 
  two-form field strengths and their duals. 
  These properties extend to (p+2)-form field strengths and their 
   duals, which are (D-p-2)-forms. 
   [ for D=4 and p=0, one obtains that p+2 = D-p-2 ] 

• In order to generalize the e.m. duality to p-forms, one demands 
   that D/2 =p+2, so that one has p+1 gauge fields coupled to 
   sources, which are p-extended objects : 

p=0 : pointilike, p=1 : string, p=2 : membrane, p=3 : three-brane,…  



• When D/2 =p+2, sources can be dyonic (and not only electric or 

     magnetic) : 

 
• In all other cases, electric and magnetic  objects have an extension 
   (p, D-p-4) resp., so dyons cannot exist.  

• The Dirac-Schwinger-Zwanziger quantization condition reads : 

for 

and for 

Note that the latter condition is not only invariant under SO(2), 
but also under Sp(2,R), isomorphic to SL(2,R). 



• We will mainly talk about dualities in D=4 dimensions, especially in 
view of the fact that maximally supersymmetric N=8 supergravity 

     has an e.m. duality based on the exceptional group E7(7) 

• E7(7) duality seems to severely restrict the UV divergences of the 
theory, even if higher-loop divergences may evade such restrictions. 

• Also N=8 supergravity has a fascinating “double-copy” structure 
  in terms of N=4 SYM theory, which is the maximally susy 
  theory without gravity. 
  [see M. Duff’s and Z. Bern’s talks in this School] 



1. U(1) Gauge Theory and Duality 
• The very idea of duality is to generalize the duality of free 

Maxwell theory to the case of interactions. Interactions 
introduce a non-linearity, which can be due either to the 
Maxwell field itself, or to other matter fields (as in 
electrodynamics) which interact with the e.m. field. 

 

• The key mathematical point that allows one to establish criteria 
for self-duality, then avoiding the explicit check of the symmetry 
at the level of Eqs of motion, is the fact that Eqs can be separated 
in Eqs of degree 0 in derivatives (of field strengths) and into a set 
of degree 1. 

 

• Thus, the duality invariance is formulated as a compatibility 
constraint among these sets of Eqs, which then give rise to the 
Eqs of motion. 

 



• Non-linear electromagnetism corresponds to introduce: 

1. a medium; 

2.  an electric displacement 

3. a magnetic field 

So that the Maxwell Eqs are still linear 

(          is the magnetic induction, and         is the electric field) : 

 

• in presence of sources : 



•  Note that the previous Eqs are invariant under the linear transfs 

• In a relativistic way, one can write 

so that in the vacuum :  

and the previous Eqs are recovered as : 

• Out of the vacuum, the relation between  and 

gets replaced by the relation between  and 



• The “constitutive relations”, which specify the non-linear 
nature of the electromagnetic theory (in a medium) are just 
obtained by replacing the vacuum relations 

with 

The relativistic generalization of these Eqs read 

• In a theory coming from a Lagrangian, one has the non-relativistic 
   Eqs 



• in order to have compatibility with the Eqs of motion, 
   this demands the following integrability conditions : 

• it is now clear that duality rotations correspond to transform  

constrained by  

• this highly non-linear constraints restrict the possible forms of G 
   (constitutive relations), and also the linear transformations 

or in a relativistic way 



• Gaillard and Zumino have proven that the most general e.m. duality 
rotation for a non-linear theory, also depending on extra matter 
fields (such as fermions, scalars, or coupling to gravity) is Sp(2n,R), 
where n is the number of vector field strangths  

•  This means that the matrix 

instead of being a GL(2n,R) matrix (det S non-vanishing), satisfies 

with  

which implies 

and at the infinitesimal level : 



• In absence of scalars, not inert under duality rotations, the e.m. 
duality group is at most U(n), so that for n=1 : U(1) = SO(2) 

• The constraints on (F,G) in this case are easy to derive, 
   and they imply that 

• For n=1, namely :U(1), one gets 

• For general e.m. duality rotations, Gaillard and Zumino have 
  proven that in presence of matter fields the constitutive relations 
  change as  



• The previous Eqs are obtained by observing that 

so that 

just reproduces the previous Eqs for   

•  Note that for e.m. duality rotations         never vanishes. 
 

•  It can vanish for b=0, c=0, so that  



•  for                                  is a total derivative, so e.m. rotations are still 

      an invariance of the action if    

• Two important results are obtained from the previous formulae. 
   1] The first result is that the stress-tensor is duality invariant 
        for all transformations of Sp(2n,R). 

• Moreover, as a consequence of the fact that  



2] The second result is that any Lagrangian density can be written as 

•  For a non-linear theory of electromagnetism,          
    provides information about the constitutive relations (i.e., the 
    medium), since for the linear Maxwell theory without coupling to 
    matter it holds that  

• For (quadratic) theories coupled to matter           gives informations 
   about some matter couplings (such as Pauli-like terms). 

• In supergravity, it is in fact possible to construct pairs of antisym- 
   -metric Lorents tensors                                     (typically bilinear 
    in fermions) which transforms as  (F, G). 
     In this case, one can have 



2. Electric-Magnetic Duality Invariant Non-Linear Theory of 
Electromagnetism : The Born-Infeld (BI) Theory 

• The BI model is the simplest non-linear e.m. duality invariant 
theory introduced to remove the divergence of the electrons’ 
self-energy in electrodynamics. 

 

• This is obtained by having un upper bound on the electric field. 

 

• References: 

1. Max Born and Leopold Infeld, “Foundations of the New Field 
Theory”, Proc. R. Soc. London sez. A 144 (1934), 425. 

2. Schroedinger, “Contributions to Born’s New Theory of the 
Electromagnetic Field”, Proc. R. Soc. London, sez. A 150 (1935), 
465. 



• The BI action is the bosonic part of the Goldstino Lagrangian for 
partial SUSY breaking N=2  N=1. 

 

• By denoting the Goldstino by        and its N=1 superpartner as 

      (U(1) gauge field strength), it indeed holds that : 
Cecotti, Ferrara 
Bagger, Galperin 

• It is easy to disentangle this multiplet in the linear theory when 
   the partial breaking is implemented by N=2 linear multiplets. 
   The minimal N=2 Higgs branch is given by the following multiplets : 

Ferrara, Girardello, Porrati 



• The N=2 non-linear sigma model of the complex (special 
Kaehler) vector multiplet’s scalar and of the quaternionic 
hyperscalar reads 

•  After super-Higgs mechanism N=2  N=1, the N=1 multiplets 
   split into massive and massless as follows :  

• The N=1 non-linear sigma model spanned by the 3 complex 
(Kaehler) chiral multiplets’ scalars reads 



• The BI Lagrangian is a particular realization of the “constituent 
relations” 

Such that e.m. duality holds : 

And, moreover, expanding in  

• the exact form is 

and it can be traced back to the Lagrangian 



which yields the bound : 

• In these variables, the Hamiltonian is perfectly regular : 

In particular :  

• If one rewrites the Lagrangian in terms of                         
variables, as well as the Hamiltonian in terms of                                        
variables, by making a Legendre transform wrt       

      one gets :                                                        



• The non-uniqueness of the “constitutive relations” can be studied 
by adopting complex and chiral variables, in which self-duality can 
be easily implemented. 
 

• To this end, let us define: 
 

such that 

• The corresponding chiral combinations read 

• Therefore, the electromagnetism corresponds to 



• The new (constitutive) relations can be obtained as follows: 

which are 6 relations if the arbitrary function I is real.  
• Moreover, duality invariance is obtained if  

because                            is both Lorentz and U(1) invariant. 

• By use of Legendre transforms, the previous constitutive relations 
   in T-variables can be shown to 
   be equivalent to the original relations 

•The function I is arbitrary in the sense that given  

one can always find a Lagrangian such that 



• We note that the functional                                                  is U(1) 
duality-invariant, because 

• It can be shown that the “constitutive relations” for the BI theory 
   are (in the Schroedinger formulation)  

• To summarize, the ambiguity in writing a non-linear theory of 
   electromagnetism can be traced back to a real functional I of 
a real (Lorentz-invariant and U(1)-duality) variable   



•  In the general case, it holds 

• The practical way of computing            with                  exploits 
    the relations 

which for BI yields :  

• Given f(u), one solves the above quartic Eq, and gets t=t(u), 
from which one computes   



Conclusions and Perspectives 
•  In the present lectures, we have presented instances in which 

electric-magnetic duality plays a fundamental role. 

•  We focused on non-linear theories of electromagnetism, where 
e.m. duality restricts the form of the non-linear theory. 

• The same happens in supergravity, where e.m. duality yields 
important informations on the form of the matter couplings to 
gauge fields. 

• One of the main motivations to study duality symmetry is that it 
also restricts the form of counterterms in supergravity 
[Bossard,Howe,Stelle], and in fact its imposition gives rise to an 
infinite sequence of terms [Kallosh], similar in spirit to the BI 
action. 
 • It would be interesting to see if the quantum corrected supergravity 

   Lagrangian density gets a functional form of the BI type, when each 
   term in the expression corresponds to a given loop order.  


