
Conclusions


•The stability properties of the ES solution of GR are altered when corrective 
terms arising from modification of the underlying gravitational theory 
appear in the cosmological equations.


•New solutions are found whose stability properties are quite different from 
the standard ES Universe in GR.


•In some models, stable static solutions are present in the case of spatially 
open (K=-1) and flat (K=0) Universes.
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where             is the Hubble parameter and 𝜅=8πG.
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Loop Quantum Gravity [2]


In the semiclassical regime of Loop Quantum Gravity, beside the GR solution, 
one new static solutions (LQ) is present:


Dorava-Lifshitz [3]


Two solutions are present:


Massive Gravity [4]


Static solutions:


General Relativity and Cosmology


In General Relativity (GR) the space-time is modeled as a pair (M,g) where 
M is a four-dimensional manifold endowed with a symmetric non-degenerate 
rank-two Lorentzian metric tensor g describing the gravitational field.

Observations on large enough scales support the Cosmological principle, i.e. 
the idea that the Universe is both isotropic and homogeneous. The only 
metric tensor consistent with the this principle is the Friedmann–Lemaître–
Robertson–Walker (FLRW) one:
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Einstein Static Universe


The Einstein Static (ES) Universe is an exact solution of Einstein’s equations 
describing a closed (K=1) Friedmann-Robertson-Walker model sourced by a 
constant perfect fluid and a cosmological constant.

Closed           + Static                      ⇒

Under the further assumptions that the mater content of the Universe is 
described by a barotropic fluid with constant equation of state (p=w𝜌)  and a 
cosmological constant Λ, Einstein field equations reduce to:

With a simple Dynamical System analysis it is easy to show that the ES 
Universe is an unstable fixed point (saddle). It is also neutrally stable to 
inhomogeneous scalar perturbations with high enough sound speed and to 
vector and tensor perturbations.

In recent years there has been renewed interest in the ES Universe because 
of its relevance for the Emergent Universe scenario [1] in which the ES 
solution plays a crucial role, being an initial state for a past-eternal 
inflationary cosmological model. In the Emergent Universe scenario the 
horizon problem is solved before inflation begins, there is no singularity, no 
exotic physics is involved, and the quantum gravity regime can even be 
avoided. Nevertheless, the model suffers from a fine-tuning problem which is 
ameliorated when corrective terms are present in the cosmological equations. 
In the following sections some examples are provided.
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FIG. 1. Dynamical behaviour of the system around the GR
fixed point for the case k = −1, Λ < 0, w < −1 with Λ =
−100, w = −2, κ = 25.13274123.

stability analysis (see FIG. 2). It’s worth to stress that in
open LQG models a stable ES solution exists in the case
of positive values of the cosmological constant as long as
Λ < κρc.
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FIG. 2. Dynamical behaviour of the system around the LQ
fixed point for the case k = −1, Λ < κρc, w < −1 with
Λ = 10, w = −2, κ = 25.13274123.

The results of the linearized stability analysis are sum-
marized in Table I.

k Λ w Stability

GR 1 > 0 w > −1/3 saddle

< 0 −1 < w < −1/3 center

-1 < 0 w < −1 saddle

LQ 1 < κρc −1 < w < −1/3 center

> κρc w > −1/3 saddle

-1 < κρc w < −1 centre

TABLE I. Existence conditions and stability conditions for
the static solutions in Eq.(4) and Eq.(5).

III. HOŘAVA-LIFSHITZ GRAVITY

The Hořava-Lifshitz gravity [13] is a power-counting
renormalizable theory of (3+1)-dimensional quantum
gravity. In the ultraviolet limit, the theory has a Lifshitz-
like anisotropic scaling between space and time charac-
terized by the dynamical critical exponent z = 3. In the
IR limit the theory flows to the relativistic value z = 1.
The effective speed of light c, the effective Newton con-

stant G and the effective cosmological constant Λ of the
low-energy theory, emerge from the relevant deforma-
tions of the deeply nonrelativistic z = 3 theory which
dominates at short distances [13]:
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The first of Eq.s(15) imposes a relation among the param-
eters c, ΛW and λ thus, in order to have a real emergent
speed of light c, for λ > 1/3 the cosmological constant
has to be negative ΛW . However, after an analytic con-
tinuation of the parameters (see [14]), a real speed of
light for λ > 1/3 implies a positive cosmological con-
stant ΛW . Thus, mimicking the notation introduced in
[15], we introduce a two-valued parameter ϵ = ±1, in
order to examine both the aforementioned cases at once.
A phase-space analysis of the HL cosmology has been

recently performed in [16, 17]. Here we consider static
solutions of the cosmological equations for the HL grav-
ity when both the detailed balance condition and pro-
jectability condition hold.
Firstly we recast the modified Friedmann equations of

[14] in a form which allows an easy comparison with the
formerly considered case of LQC 1.
The modified Friedmann equation reads:
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and the modified Raychaudhuri equation reads:
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1 According to the definitions given in Sec. II, c = 1 and κ = 8πG;
Eq.(16) and Eq.(17) have been written accordingly.
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The conservation equation for the energy density of the
perfect fluid still holds unchanged:

ρ̇ = −3ρH(1 + w). (18)

Besides the overall factor 2
3λ−1

on the r.h.s. of Eq.(16)
and Eq.(17), the modifications to the cosmological equa-
tions of GR consist in the higher order terms ∝ k2/Λa4

which become dominant at short distance scales and do
not affect the classical cosmological equations in the case
of flat models.

A. Static solutions

It can be readly found, imposing the conditions ȧ =
Ḣ = ρ̇ = 0, that the system of Eq.(18), Eq.(16) and
Eq.(17) admits the following two static solutions:

ρHL1 = 0, a2HL1 =
3k

2Λ
, (19)

ρHL2 =
−16ϵΛ

(3w − 1)2κ
, a2HL2 =

(3w − 1)k

2Λ(1 + w)
. (20)

The conditions under which these static solutions exist
are summarized in Table II and Table III.
The presence of the curvature index k and the param-

eter ϵ in Eq.(19) and Eq.(20) is worth to be stressed,
indeed the analysis presented in [9] can be enlarged to
enclose the k = −1 case where new interesting possi-
bilities arise. For instance a physically meaningful ES
solution is present even in the case of vanishing energy
density of the perfect fluid, i.e. Eq.(19).

B. Stability analysis

The stability analysis can be easily performed reduc-
ing the original system to an actual two-dimensional au-
tonomous dynamical system by making use of the Fried-
mann constraint. To this aim it is convenient to solve
Eq.(16) for ρ obtaining:
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3
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Substituting into Eq.(17) one gets a first order nonlinear
differential equation:

Ḣ =
ϵ
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which, together with the definition of Hubble parameter,

ȧ = aH (23)

provides a genuine two-dimensional autonomous dynam-
ical system in the variables a and H . The system admits

two fixed points with energy densities as in Eq.(19) and
Eq.(20) thus, to characterize the stability of these solu-
tions, we evaluate the eigenvalues of the Jacobian matrix
for the system Eq.(22) and Eq.(23) at the fixed points
corresponding to Eq.(19) and Eq.(20) respectively.
The eigenvalues at the fixed point HL1 read:

λHL1 = ±
2
%

6(3λ− 1)ϵΛ

3(3λ− 1)
. (24)

For all the admitted values of the parameters this is a
pair of purely imaginary eigenvalues thus the fixed point
is a center for the linearized system. The point is nonhy-
perbolic so the linearized analysis may fail to be predic-
tive at nonlinear order, nevertheless a numerical integra-
tion proves that this fixed point is actually a center (see
FIG. 3).
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FIG. 3. Dynamical behaviour of the system around the HL1
fixed point for the case k = −1 with ϵ = 1, λ > 1/3, Λ < 0,
−1 < w < 1/3.

The results of the stability analysis for the fixed point
HL1 are summarized in Table II.

ϵ λ k Λ Stability

−1 < 1/3 −1 < 0 center

> 1/3 1 > 0

1 < 1/3 1 > 0

> 1/3 −1 < 0

TABLE II. Existence conditions and stability conditions for
the static solution HL1.

The eigenvalues at the fixed point HL2 read:

λHL2 = ±
2
%

−2(3w − 1)(3λ− 1)(1 + w)ϵΛ

(3λ− 1)(3w − 1)
. (25)
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According with the admitted values of the parameters
this is either a pair of purely imaginary eigenvalues, so
the fixed point is a center for the linearized system, or a
pair of real eigenvalues with opposite signs, so the fixed
point is unstable (of the saddle type). In particular, the
solution is a center for −1 < w < 1/3 and is a saddle for
w < −1 or w > 1/3 (for an example of the latter case see
FIG. 4).
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FIG. 4. Dynamical behaviour of the system around the HL2
fixed point for the case k = −1 with ϵ = 1, λ > 0, Λ < 0,
−1 < w < 1/3.

The results of the stability analysis for the fixed point
HL2 are summarized in Table III.

ϵ λ k Λ w Stability

−1 > 1/3 −1 > 0 −1 < w < 1/3 center

1 > 0 w < −1 saddle

w > 1/3

1 > 1/3 −1 < 0 w < −1 saddle

w > 1/3

1 < 0 −1 < w < 1/3 centre

TABLE III. Existence conditions and stability conditions for
the static solution HL2.

IV. CONCLUSIONS

We have considered the existence of static solutions in
the framework of two recently proposed quantum gravity
models, namely LQC and HL gravity. We have shown
that the inclusion of a negative curvature index k = −1
enlarges the ranges of existence of the solutions affecting
their stability properties thus providing new interesting
results. The solutions found display stability conditions
rather different from those of the corresponding solutions
in closed models and from the stability properties of the
standard ES solution of GR.
In the case of LQC gravitational modifications to the

Friedmann equations, a negative curvature index allows a
neutrally stable static solution with Λ < κρc and w < −1,
in contrast to the GR case. In particular the LQC static
solution exists and is stable in the case of positive values
of the cosmological constant as long as Λ < κρc.
In the case of HL gravity two static solutions are found.

The inclusion of the negative curvature index leads to
a static solution (HL1) with negative cosmological con-
stant and vanishing energy density which is neutrally sta-
ble against homogeneous perturbations. Furthermore, a
negative curvature index allows a static solution (HL2)
which can be either a saddle, for w < −1 and w > 1/3,
or a centre for −1 < w < 1/3.
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The conservation equation for the energy density of the
perfect fluid still holds unchanged:

ρ̇ = −3ρH(1 + w). (18)

Besides the overall factor 2
3λ−1

on the r.h.s. of Eq.(16)
and Eq.(17), the modifications to the cosmological equa-
tions of GR consist in the higher order terms ∝ k2/Λa4

which become dominant at short distance scales and do
not affect the classical cosmological equations in the case
of flat models.

A. Static solutions

It can be readly found, imposing the conditions ȧ =
Ḣ = ρ̇ = 0, that the system of Eq.(18), Eq.(16) and
Eq.(17) admits the following two static solutions:

ρHL1 = 0, a2HL1 =
3k

2Λ
, (19)

ρHL2 =
−16ϵΛ

(3w − 1)2κ
, a2HL2 =

(3w − 1)k

2Λ(1 + w)
. (20)

The conditions under which these static solutions exist
are summarized in Table II and Table III.
The presence of the curvature index k and the param-

eter ϵ in Eq.(19) and Eq.(20) is worth to be stressed,
indeed the analysis presented in [9] can be enlarged to
enclose the k = −1 case where new interesting possi-
bilities arise. For instance a physically meaningful ES
solution is present even in the case of vanishing energy
density of the perfect fluid, i.e. Eq.(19).

B. Stability analysis

The stability analysis can be easily performed reduc-
ing the original system to an actual two-dimensional au-
tonomous dynamical system by making use of the Fried-
mann constraint. To this aim it is convenient to solve
Eq.(16) for ρ obtaining:
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Substituting into Eq.(17) one gets a first order nonlinear
differential equation:
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which, together with the definition of Hubble parameter,

ȧ = aH (23)

provides a genuine two-dimensional autonomous dynam-
ical system in the variables a and H . The system admits

two fixed points with energy densities as in Eq.(19) and
Eq.(20) thus, to characterize the stability of these solu-
tions, we evaluate the eigenvalues of the Jacobian matrix
for the system Eq.(22) and Eq.(23) at the fixed points
corresponding to Eq.(19) and Eq.(20) respectively.
The eigenvalues at the fixed point HL1 read:

λHL1 = ±
2
%

6(3λ− 1)ϵΛ

3(3λ− 1)
. (24)

For all the admitted values of the parameters this is a
pair of purely imaginary eigenvalues thus the fixed point
is a center for the linearized system. The point is nonhy-
perbolic so the linearized analysis may fail to be predic-
tive at nonlinear order, nevertheless a numerical integra-
tion proves that this fixed point is actually a center (see
FIG. 3).
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FIG. 3. Dynamical behaviour of the system around the HL1
fixed point for the case k = −1 with ϵ = 1, λ > 1/3, Λ < 0,
−1 < w < 1/3.

The results of the stability analysis for the fixed point
HL1 are summarized in Table II.

ϵ λ k Λ Stability

−1 < 1/3 −1 < 0 center

> 1/3 1 > 0

1 < 1/3 1 > 0

> 1/3 −1 < 0

TABLE II. Existence conditions and stability conditions for
the static solution HL1.

The eigenvalues at the fixed point HL2 read:

λHL2 = ±
2
%

−2(3w − 1)(3λ− 1)(1 + w)ϵΛ

(3λ− 1)(3w − 1)
. (25)
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According with the admitted values of the parameters
this is either a pair of purely imaginary eigenvalues, so
the fixed point is a center for the linearized system, or a
pair of real eigenvalues with opposite signs, so the fixed
point is unstable (of the saddle type). In particular, the
solution is a center for −1 < w < 1/3 and is a saddle for
w < −1 or w > 1/3 (for an example of the latter case see
FIG. 4).
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FIG. 4. Dynamical behaviour of the system around the HL2
fixed point for the case k = −1 with ϵ = 1, λ > 0, Λ < 0,
−1 < w < 1/3.

The results of the stability analysis for the fixed point
HL2 are summarized in Table III.

ϵ λ k Λ w Stability

−1 > 1/3 −1 > 0 −1 < w < 1/3 center

1 > 0 w < −1 saddle

w > 1/3

1 > 1/3 −1 < 0 w < −1 saddle

w > 1/3

1 < 0 −1 < w < 1/3 centre

TABLE III. Existence conditions and stability conditions for
the static solution HL2.

IV. CONCLUSIONS

We have considered the existence of static solutions in
the framework of two recently proposed quantum gravity
models, namely LQC and HL gravity. We have shown
that the inclusion of a negative curvature index k = −1
enlarges the ranges of existence of the solutions affecting
their stability properties thus providing new interesting
results. The solutions found display stability conditions
rather different from those of the corresponding solutions
in closed models and from the stability properties of the
standard ES solution of GR.
In the case of LQC gravitational modifications to the

Friedmann equations, a negative curvature index allows a
neutrally stable static solution with Λ < κρc and w < −1,
in contrast to the GR case. In particular the LQC static
solution exists and is stable in the case of positive values
of the cosmological constant as long as Λ < κρc.
In the case of HL gravity two static solutions are found.

The inclusion of the negative curvature index leads to
a static solution (HL1) with negative cosmological con-
stant and vanishing energy density which is neutrally sta-
ble against homogeneous perturbations. Furthermore, a
negative curvature index allows a static solution (HL2)
which can be either a saddle, for w < −1 and w > 1/3,
or a centre for −1 < w < 1/3.
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(2005); C. G. Böehmer, L. Hollenstein and F. S. N. Lobo,

Stability


LQ

Stability


�=m2(2 + 3w)2A2
2 +12(3K �m2A3)(1 +4w +3w2)A1where  

and A1, A2, A3 are combinations of the arbitrary dimensionless real constants 
c3, c4 and appearing in the action.


Here we focus on the K=0 case only

as shown in Fig. 2, the region in Fig. 1(b) is completely
contained by the region in Fig. 1(a). For c4 and w in this
region, both static solutions are admitted; otherwise either
the unstable solution only or no static solutions are
admitted.

It is interesting to note that the phase space of the system
exploits relevant changes in its qualitative structure accord-
ing to the parameters’ values. In particular, the system

undergoes bifurcations that can be singled out; for instance,
by looking at the eigenvalues characterizing the stability of
the fixed points.
In Fig. 3 an example of bifurcation is depicted.

Figure 3(a) is obtained by varying the parameter c4 while
keeping the parameter w fixed. The value of the scale factor
corresponding to each static solution varies until the fixed
points annihilate exploiting a saddle-center bifurcation.
Figure 3(b) shows a similar behavior; it is obtained by
varying the parameter w while keeping the parameter c4
fixed. Further details about this feature are discussed in the
following sections (see Sec. IV).

B. Case 2: K ¼ 1

Spatially closed models can be analyzed following the
formerly described procedure, that is imposing the posi-
tivity of a and ! and then studying the sign of the function
! in Eq. (10). The analytical expression of the resulting
ranges in terms of the parameters w and c4 is quite cum-
bersome and not particularly illuminating, for this reason
we do not report it explicitly. We just remark that, as in the
spatially flat case (Sec. III A), at most two static solutions
are admitted, one being unstable, the other being neutrally
stable, in contrast with GR where only one unstable solu-
tion of the saddle type is admitted.
In the considered range,!3< c4 < 1 and!2<w< 1,

the existence region of the first solution consists of three
parts while the existence region of the second solution is
compact (see Fig. 4). These regions have two intersections,
which means that for values of the parameter within such
regions, both solutions are admitted simultaneously, other-
wise either only one of the two solutions is admitted or no
solutions are admitted. This also indicates that in the
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FIG. 1 (color online). Stability conditions for the two static solutions of the K ¼ 0 case in terms of the parameters c4 and w. The
stability properties of the two solutions in the considered region,!3< c4 < 1 and!2<w< 1, are always different. The first solution
(a) is unstable (U, red); the second solution (b) is stable (S, blue).

FIG. 2 (color online). This figure is obtained by overlapping
Figs. 1(a) and 1(b); it shows a region (U/S, purple color) of the
parameter space allowing both solutions to exist, the first being
unstable while the second being stable.
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Stability regions in the parameter space Bifurcation

a

H 𝜌
Trajectories on the Friedmann constraint surface, for arbitrary 
chosen parameters’ values. The GR and LQ fixed points are at 
the bottom and at the top of the surface respectively. Note that 
some trajectories wrap around the ‘tube’ but cannot be shrunk 
continuously to the LQ fixed point. 
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w > � 1
3 c4 < �2 c4 > �1

Sol.2 �1 < w < � 2
3 �2 < c4 < �

⇧
3(�1�4w�3w2)+3

2

Stability  

saddle  

centre

a1,2 =
(2c4 + 3)(2 + 3w)±

�
(2c4 + 3)2 + (3w + 2)2 � 1

6(c4 + 2)(1 + w)

⇢LQ =
2(⇤� ⇢c)

(1 + 3w)
, a2LQ =

2k

⇢LQ(1 + w)

with                  and
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