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Black holes are an essential feature of the gravitational force. Without
thoroughly understanding them, one cannot understand quantum gravity.

Often (super)string theory is resorted to. However, if the mass MBH is
large enough, only low energy elementary particles emerge, and string
theory should be not be necessary for our theoretical description.

The assumption that “particles are pieces of string” will not be used.
Also, AdS/GFT arguments are avoided; they lead to mistakes.

We describe a direct path towards understanding large, quantized black
holes.

All we need are Quantum Mechanics and General Relativity.

These theories are also assumptions, but of course they are compelling. Dropping or
loosening these assumptions would be much more difficult than keeping them as long
as we can. No theory is sacred, and some sense of taste for what to keep and what
not, is a useful attire for a theoretical physicist.
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We claim that topics such as microstates can be understood very well in
our theory. The total number of orthonormal microstates will not (yet?)
be derived (it would appear to be too large), but we expect this to be
possible in due time.

Due to the fact that we can expand the distribution of in- and out-going
matter in spherical harmonics we obtain equations showing that all these
different spherical harmonic modes completely decouple. Their
equations factorise, just as the particles in our toy example, or the
quantum modes in the hydrogen atom.

The gravitational back reaction factorises. The great advantage of this
feature is that now we can easily solve the mathematical equations and
see what happens.

One could argue that the quantum black hole, as a theoretical laboratory,
replaces experimental tests that are urgently needed to understand
quantum gravity
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At first sight, it will seem that what we do is plainly wrong, and it was
criticised as such in email exchanges with colleagues. But the equations
are so simple that one can now investigate all alternatives.

It is essential to have Cauchy surfaces, and examine how the data on
these surfaces evolve with time. What is the time coordinate? How can
we ensure that the Cauchy data evolve through unitary equations?

The Cauchy data should not get lost between the crevices of the horizons,
which can easily happen while you think you are doing things correctly.

So, the spherical wave expansion does here what particle experiments did
when physicists constructed the Standard Model.

We have no experiments now, so we have to be especially careful and use
devices such as spherical wave expansions or whatever else we can put
our hands on, to get a clearer picture and to simplify our subject.
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The tortoise coordinates

Our prototype is the Schwarzschild black hole.
No serious complications when generalized to Kerr-Newman or such. The
extreme black hole would not serve our purposes, because it is a limiting case,
and its horizon is fundamentally different from the more generic black holes.

Schwarzschild metric: ds2 = gµνdx
µdxν ,

ds2 =
1

1− 2GM
r

dr2 −
(
1− 2GM

r

)
dt2 + r2dΩ2 ;

{
Ω ≡ (θ, ϕ) ,

dΩ ≡ (dθ, sin θ dϕ) .

Kruskal-Szekeres coordinates x , y are defined by

x y =
( r

2GM
− 1
)
er/2GM ;

y/x = et/2GM .

ds2 =
32(GM)3

r
e−r/2GM dx dy + r2dΩ2 .

At r = 2GM, we have x = 0 : past event horizon, and
y = 0 : future event horizon.
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Concentrate on the region close to the horizon: r ≈ 2GM. There:

x =

√
e/2

2GM
u+ ; y =

√
e/2

2GM
u− ; 2GM ≡ R

ds2 → 2du+du− + R2dΩ2 . time t/4GM = τ

distant
time

local time

surface
Cauchy

III

u
+

u
−

u−(τ) = u−(0)eτ

u+(τ) = u+(0)e−τ

As time goes forwards, u+

approaches the horizon
asymptotically;

as time goes backwards, u−

approaches the past horizon
asymptotically (tortoises).

Particles going in generate wave
functions on u+, particles going
out start as wave functions on u−.
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Let’s redefine u+ → f (u+), u− → g(u−), then metric keeps the form

ds2 = 2A(u)du+du− + r2(u)dΩ2. → Map u± on compact domains:

The Penrose diagram.

For pure Schwarzschild (without matter either responsible for the
formation of a black hole, or representing its final decay):

III

IV

III
u+

u−

in

outin

out

∞

∞+

∞−
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Now, we begin to deviate from standard practice:
This is the “eternal black hole” (it never formed, it will never decay).

We keep it. Why?

We put the “microstates” on a Cauchy surface. As yet, we are
only interested in how they evolve for a short amount of time.
For the quantum properties of the BH, the distant past, and
the distant future, should be irrelevant. They are always
irrelevant in quantum physics. Late in the future, or long ago
in the past, the states we are looking at now, will be highly
entangled states. Not suitable for generating a well-defined,
curved space-time. Thus, we eave all those particles out.

This picture, however, is to be considered as an intermediate state of our
discussion. We use it as a starting point to describe small variations in
the black hole state during small periods in time. Later, we will address
the black hole’s long-term time dependence more accurately.
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Hard and soft particles
defined differently in other publications (!)

Particles near the horizon(s). Mass shell: 2p+p− + p̃2 + µ2 = 0.
p̃ is the transverse part of the momentum, |p̃| ≈ L/R , µ = mass;
p−(τ) = p−(0)eτ , p+(τ) = p+(0)e−τ . p̃ and µ are constant.

Define soft particles: |~p |, µ � MPlanck Negligible effect on space-time.
Define hard particles as particles that do cause space-time curvature.

As τ →∞, p+ → 0, p− →∞: all in-particles will become hard;
As τ → −∞, p− → 0, p+ →∞: all out-particles originally were hard.

To understand what happens with the evolution at longer time
intervals, we have to understand what the hard in- and out- particles do.

As τ � 1, the in-particles become hard. Their interactions with other
in-particles are negligible (they basically move in parallel orbits), but they
do interact with the out-particles. The interaction through QFT forces
stay weak, but the gravitational forces make that (early) in-particles
interact strongly with (late) out-particles.
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The gravitational force between hard and soft particles cannot be ignored;
but can be calculated:

The gravitational backreaction:

Calculate the Shapiro time delay caused by the grav. field of a fast
moving particle: simply Lorentz boost the field of a particle at rest:

δx

x

x ′

1

2

u
−

p
−

δu
−

1
2

space-time
flat

space-time
flat

δu−(x̃) = −4G p−(x̃ ′) log |x̃ − x̃ ′| .
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time

space

We see that this effect has
drastic consequences for the
out-going particles.

The effect increases
exponentially with time.

The in-particles leave their
‘footprints’ in the out-particles.

This changes everything!
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Interactions between in- and out-particles must be taken into account.

0 � MPlanck MPlanck ∞
|p±| →

∞

↑
|p∓|

Shapiro
drag

MPlanck

� MPlanck

QFT Shapiro drag

NOT

NEEDED
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The fact that the mutual interactions between hard particles, at the
Planck mass or beyond, will not be needed, is a very important aspect of
this work. As you will see.

We start with only soft particles on a Cauchy surface of the Penrose
diagram. These will define all quantum microstates of the black hole at a
given time.

Now, the question is how do these evolve with time.

The soft particles won’t stay soft; their longitudinal momenta will quickly
explode. To see what happens, calculate δu− (the Shapiro shift).
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An in-particle with momentum p− at solid angle Ω′ = (θ′, ϕ′)
causes a shift δu− at solid angle Ω = (θ, ϕ):

δu−(Ω) = 8πG f (Ω,Ω′)p− ; (1−∆Ω)f (Ω,Ω′) = δ2(Ω,Ω′) .

If there are many in-particles:

p−(Ω) =
∑
i

p−i δ
2(Ω,Ωi )

δu−(Ω) = 8πG

∫
d2Ω′f (Ω,Ω′)p−(Ω′) .

The distant observer will see unending streams of in- and out-particles
with given positions u+ or u−. Suppose p−(Ω) represents all in-particles
needed to describe any black hole in a given quantum state.

Later, we will see how imploding matter may be described starting with
momentum distributions p− at the distant past.
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Then the out-particles will be at positions u−(Ω) given by

u−out(Ω) = 8πG

∫
d2Ω′f (Ω,Ω′)p−in(Ω′) .

Very early in-going particles have huge values for p−. Therefore they
generate out-particles with huge values of u− – these must have
separated from the black hole long ago! (Return to this subject later)

Spherical wave expansion:

u±(Ω) =
∑
`,m

u`mY`m(Ω) , p±(Ω) =
∑
`,m

p±`mY`m(Ω) ;

[u±(Ω), p∓(Ω′)] = iδ2(Ω, Ω′) , [u±`m, p
∓
`′m′ ] = iδ``′δmm′ ;

u−out =
8πG

`2 + `+ 1
p−in , u+

in = − 8πG

`2 + `+ 1
p+
out ,

(1)

p±`m = total momentum in of out
in -particles in (`,m)-wave ,

u±`m = (`,m) - component of c.m. position of in
out-particles .
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Because we have linear equations, all different `,m waves decouple,
and for one (`,m)-mode we have just the variables u± and p±.
They represent only one independent coordinate u+, with
p− = −i∂/∂u+, while u− ∝ p− and p+ ∝ u+ .

The dynamics completely factorises in (`,m) spherical harmonics –

Probably this remains true in the harmonics of a Kerr black hole, but that
generalization is not considered here.

3 more steps to be taken:

17 / 32



1. The momentum density p±(Ω) for every quantum state in a QFT is
well-defined. However, our evolution law will only be unitary if we can find
the QFT quantum Fock state back from the momentum density. That’s
difficult. Use vertex insertions as in string theory?

2. What is the physical interpretation of region II ?.

We demand locality. This means that commutators of space-like sep-
arated operators should vanish. Then, since in-going signals in region I
produce signals in the out-going objects in region II , we must guarantee
that interacting signals in I and II are not space-like separated.

Postulate that region II refers to the same black hole as region I , but not
at the same solid angle Ω = (θ, ϕ). Only one possibility:

The antipodal identification: Ω→ Ω̃ = (π − θ, ϕ+ π)

3. “Firewalls”. Soft particles become hard particles. Must be ‘removed’.

Suggestion: all information carried by the in- particles is now present in the
out-particles. The in-particles are redundant (“quantum clones”). Leave
hard ones out. Hilbert space is completely specified by the coordinates
u−(Ω) of soft out-particles. As soon as |u−| > LPlanck, these out-particles
are soft. This is the “firewall transformation”; it removes firewalls.
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The basic, explicit, calculation

The algebra (1), slide 16, generates the scattering matrix, by giving us the
boundary condition that replaces |in〉-states by |out〉-states. This
boundary condition replaces the old brick wall model and it is
embarassingly easy to derive

(The catch will be exposed later) .

All of this is NOT a model, or a theory, or an assumption, but a
calculation:

Apart from the most basic assumption of unitary evolution,
this is nothing more than applying GR and quantum mchanics !

At some points in the following derivations, it may seem that choices were
made as to how to continue, such as the eternal BH Penrose diagram and the
antipodal identification, and some of my choices are being criticised as they
may seem illogical. I emphasize however that they will all be vindicated by the
final result, a unitary evolution law. There is no other way to obtain that.
None of the other approaches in the literature that I have seen produce such
explicit results.
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Let there be two operators, u and p, obeying the commutator equation

[u, p] = i , so that 〈u|p〉 = 1√
2π
e ipu .

and a wave function |ψ〉, defined by ψ(u) ≡ 〈u|ψ〉 . Its Fourier
transform is

ψ̂(p) ≡ 〈p|ψ〉 = 1√
2π

∫ ∞
−∞

du e−ipuψ(u) .

Now introduce tortoise coordinates, and split both u and p in a positive
part and a negative part:

u ≡ σu e%u , p = σp e
%p ; σu = ±1 , σp = ±1 , and

ψ̃σu (%u) ≡ e
1
2%u ψ(σu e

%u ) , ˜̂ψσp (%p) ≡ e
1
2%p ψ̂(σp e

%p ) ;

normalisation requires: (2)

|ψ|2 =
∑
σu=±

∫ ∞
−∞

d%u|ψ̃σu (%u)|2 =
∑
σp=±

∫ ∞
−∞

d%p| ˜̂ψσp (%p)|2 .

What is the Fourier transform in these tortoise coordinates?
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˜̂ψσp (%p) =
∑
σu=±1

∫ ∞
−∞

d%u Kσuσp (%u + %p) ψ̃σu (%u) ,

with Kσ(%) ≡ 1√
2π
e

1
2% e−iσ e

%
.

Notice the symmetry under %u → %u + λ , %p → %p − λ , which is simply
the symmetry u → u eλ , p → p e−λ , a property of the Fourier
transform, and an invariance of our algebra.

We now use this symmetry to write plane waves:

ψ̃σu (%u) ≡ ψ̆σu (κ) e−iκ%u and ˜̂
ψσp (%p) ≡ ˘̂

ψσp (κ) eiκ%p with

˘̂
ψσp (κ) =

∑
σp=±1

Fσuσp (κ)ψ̆σu (κ) ; Fσ(κ) ≡ 1√
2π

∫ ∞
−∞

Kσ(%)e−iκ%d% .

Thus, we see left-going waves produce right-going waves. One finds
(just do the integral):
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The Fourier transform in x , p space is non-local:

〈x |p〉 = 1√
2π

e ipx

But if we write x = σx e
%x and p = σp e

%p , where σx and σp are signs ±,
then the relation becomes:

〈%x , σx |%p, σp〉 = 1√
2π

e
1
2 (%x + %p) + iσxσp e

%x+%p

= K−σxσp (%x + %p) .

K+(x) :
0

In practice it will appear as if F has
a finite support.

22 / 32



The Fourier transform in x , p space is non-local:

〈x |p〉 = 1√
2π

e ipx

But if we write x = σx e
%x and p = σp e

%p , where σx and σp are signs ±,
then the relation becomes:

〈%x , σx |%p, σp〉 = 1√
2π

e
1
2 (%x + %p) + iσxσp e

%x+%p

= K−σxσp (%x + %p) .

K+(x) :
0

In practice it will appear as if F has
a finite support.

22 / 32



Look at how our soft particle wave functions evolve with time τ ,
slide # 6 or 9.

Their Hamiltonian is the dilaton operator. κ is the energy:

H = − 1
2 (u+p− + p−u+) = 1

2 (u−p+ + p+u−) =

i
∂

∂%u+

= −i ∂

∂%u−
= −i ∂

∂%p−
= i

∂

∂%p+

= κ .

The energy eigen states are C (p−)iκ = C e iκ %p− ,
The fourier operator on these states is:

Fσ(κ) = 1√
2π

∫ ∞
0

dy

y
y

1
2−iκ e−iσy = 1√

2π
Γ( 1

2 − iκ) e−
iσπ

4 −
π
2 κσ .

Matrix

(
F+ F−
F− F+

)
is unitary: F+F

∗
− = −F−F ∗+ and |F+|2 + |F−|2 = 1 .

23 / 32



The scattering matrix

Add the scale factor 8πG
`2+`+1 , to get, if u± = σ±e

%± ,

ψin
σ+

e−iκ%
+
→ ψout

σ− eiκ%
−
, (3)

ψout
σ− =

∑
σ+

Fσ+σ−(κ) e−iκ log
(
8πG/(`2 + `+ 1)

)
ψin
σ+

These equations generate the contributions to the scattering matrix from
all (`,m) sectors of the system, where |m| ≤ `. At every (`,m), we have
a contribution to the position operators u±(θ, ϕ) and momentum
operators p±(θ, ϕ) proportional to the partial wave function Y`m(θ, ϕ).
The signs of u±(θ, ϕ) tell us whether we are in region I or region II . The
signs of p±(θ, ϕ) tell us whether we added or sutracted a particle from
region I or region II .
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a) Wave functions ψ(u+) of the in-particles live in region I , so u+ > 0.
b) Out-particles in region I have ψ(u−) with u− > 0.

0
in

u+

u−

Region I

a)

ψin (u+) ,   u+ > 0

0
out

u+

u−

Region I

b)
ψout (u−) ,   u− > 0

0
in u+

u−
Region II

c)u+ < 0

ψin (u+)

0
out

u+

u−
Region II

d)

u− < 0
ψout (u−)

The physical
picture

c , d) In region II , in-particles have u+ < 0 and out-particles u− < 0.
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Note that the in-particles will never get the opportunity to become truly
hard particles.

Wave functions of soft particles going in are reflected as wave functions
going out. These again emerge as soft particles.

Thus, there is no firewall, ever.

In the previous slide, the total of the in-particles in regions I and II are
transformed (basically just a Fourier transform) into out-particles in the
same two regions.

Note that the regions III and IV in the Penrose diagram (see slide 7)
never play much of a role, even if an observer falling in region III would
want to assure us that (s)he is still alive.

These regions are best to be seen as lying somewhere on the time-line
where time t is beyond infinity (thus a mere repetition of the degrees of
freedom we have seen before)
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The catch?

Our “boundary condition at the origin” is in terms of momentum
distributions p±(θ, ϕ) and center-of-mass positions u±(θ, ϕ) only.

But we would need the quantum wave functions as elements of
Fock space (which would be specified by positions or momenta,
but also by other quantum numbers!)

Such mapping should be unitary in Hibert space. We are not certain
that this can be done, but it is natural to look at how it is done in
string theory. Our momentum distributions are like vertex insertions,
although they are on the horizon instead of the string world sheet.

Another catch: it seems as if we get too many microstates now.
Presumably we are describing black holes with variable sizes.
There may well be a cut-off at some large ` values depending on M.
Further to be investigated.
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The antipodal identification

Regions I and II of the Penrose diagram are exact copies of one another.
Often, it was thought that region II describes something like the ‘inside’
of a black hole. That cannot be right, since region II , like region I , has
asymptotic regions. Hawking suggested that region II might be some
other black hole, in an other universe, or far away in our universe.
However, our 2× 2 scattering matrix implies that the two regions are in
contact with each other quantum mechanically. In ordinary branches of
physics, such long-distance communication can never take place.

It is far more natural to assume that region II describes the same black
hole as region I . It must then represent some other part of the same
black hole. Which other part? The local geometry stays the same, while
the square of this O(3) operator must be the identity.

There is exactly one possibility: This is the O(3) operator −I, which is:

the antipodal mapping.

So this is not an element of SO(3), which will give us constraints on the CP symmetry
structure of the Standard Model interactions.
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Antipodal identification only holds for the central point (origin) of the
Penrose diagram. Regions I and II are different regions of the universe.
But by relating region II to region I by demanding that the angular
coordinates are antipodes, means that now the mapping from
Schwarzschild coordinates to Kruskal Szekeres coordinates is one-to-one.
This now turns out to be an essential property of our coordinate
transformations. Thus, we arrive at a new restriction for all general
coordinate transformations:

In applying general coordinate transformations for quantized
fields on a curved space-time background, to use them as a
valid model for a physical quantum system, one must demand
that the following constraint hold: the mapping must be
one-to-one and differentiable.

The emergence of a non-trivial topology needs not be completely absurd,
as long as no signals can be sent around. This is the case at hand here.
Requiring the absence of singularities in the physical domain of space-
time forces us to the antipodal folding.
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Black emptiness: blue regions
are the accessible part of space-time;
dotted lines indicate identification.

The white sphere within is not part of
space-time. Call it a ‘vacuole’.
At given time t, the black hole is a
3-dimensional vacuole. The entire life
cycle of a black hole is a vacuole in
4-d Minkowski space-time.

Space coordinates change sign at the identified points
– and also time changes sign
(Note: time stands still at the horizon itself).

Not that all u± and p± coordinates are odd when switching between
antipodes. Therefore, only odd ` contribute in the spherical harmonic
expansion.
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A timelike Möbius strip

time

time

Draw a spacelike closed curve:
Begin on the horizon at a point
r0 = 2GM , t0 = 0 , (θ0, ϕ0) .

Move to larger r values, then
travel to the antipode:

r0 = 2GM , t0 = 0 , (π − θ0, ϕ0 + π) .
You arrived at the same point,
so the (space-like) curve is closed.

Now look at the environment {dx} of this curve. Continuously transport
dx around the curve. The identification at the horizon demands

dx ↔ −dx , dt ↔ −dt , .

So this is a Möbius strip, in particular in the time direction.
Note that it makes a T inversion and a CP inversion when going around
the loop. CPT is preserved. Therefore, CP must be a good symmetry!
Thus, only ‘Standard Models’ where CPT is at most spontaneously
broken, are allowed.
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There are numerous treatises in the literature claiming solutions to the
black hole information paradox, and about as many publications that
dismiss these claims.
This author dismisses all claims, from both sides, that either ignore the
gravitational back reaction of quantised excitations, or ignore the
antipodal identification of points on the horizon – meaning that the
horizon is a projective 2-sphere.
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