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Introduction: Luttinger liqud
• The Fermi liquid theory works in two or more dimensions

liquid theory  generalization of
the Schwinger model
Z
Z
ˆ + d 2 xd 2 y Ψ(y )γ0 Ψ(y )V (x − y )Ψ(x)γ0 Ψ(x)
SLat = d 2 xΨi ∂Ψ

• In one dimension: Luttinger

V (x − y )  the electron interaction potential

bosonization) (J. M. Luttinger 1963) or
bosonization (S. Coleman 1975)

• Exact solution (operator

functional

• Luttinger liquid model describes

quantum wire
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Quantum wires
Quantum wire is a part of a semiconductor with
transverse dimensions of quantum order.

High-speed transistor with quantum wire as a shutter
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Experimental observation of quantum wires
Conductivity of a quantum
wire with an impurity as a
function of the external eld.
The black line is a one-loop
Luttinger liquid prediction at
zero temperature; circles,
triangles and squares 
experimental data
S. Jezouin, et al, TomonagaLuttinger physics in electronic quantum
circuits, Nature Communications volume 4, Article number: 1802 (2013)
doi:10.1038/ncomms2810
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Wire with one impurity (two wires)
• Quantum wire without impurity is described by the Luttinger model

Schematic drawing of two wires

•

Impurity is a localized potential barrier in the wire, violates the
division of the fermions on the left and right: when reected from
the impurity, the right electron becomes the left

•

Low reection coecient (or transmission), bosonization (C.L.

Kane, M.P.A. Fisher, 1992)
Renormalization group by the e-e interaction potential, in terms
of fermions (L.I. Glazman, K.A. Matveev, D. Yue, 1993)
As a result, the conductance (j = σE ) reveals a power-law dependence
on the frequency of the external eld:
•

σ ∼ |K |2 ω V , V > 0;

σ ∼ 1 − |R|2 ω |V | , V < 0

Conductivity is equal to zero (repulsion between electrons), or equal to
maximum possible value (eective attraction between electrons) 4 / 14

Approaches to a wire with a single impurity
Two approaches to quantum wires:
• Continue in terms of

bosonization (for the three wires Oshikawa,

Chamon, Aeck 2006)

• ”Poor

man” fermionic renormalization group (by interaction)
(D.N.Aristov, P.W
ole, 2008)

Our approach (V.V. Afonin and V.Y. Petrov 2013)
•
•

Exact solution outside the impurity (in each wire)
Eective action in terms of phase jump at the point of contact
(impurity)
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Three and four wires(Y,X-junction),
problem statement

Y-junction

X-junction

Three wires have two independent degrees of freedom → two elds
instead of one: α, ζ , i.e phase jump at reection in the rst wire or
transition to the third
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Obtaining the eective action
In action for the Luttinger model:



1
SLat = Ψ i ∂ˆ + U Ψ + UV −1 U
2
We can take the functional fermion integral:
Z

Z
dkdω U(k, ω)U(−k, −ω)
DU exp
Detψ (∂ˆ − iU)
(2π)2
2V (k)
And calculate the fermion
the electrons:

determinant through the Green function of

Z
Z1
h
i
log Det ∂ˆ − iU = −i dλ dxdtU(x, t)G [λU](x, t, x, t)
0

To calculate the Green function, we use the

exact solution in each wire
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Obtaining the eective action
• S -matrix derives eective action
• S -matrix is obtained from the Winner-Hopf integral matrix equation:

Z

dτ1 dτ2
Tij (τ1 , ε)Sjk (τ2 , ε)
= e iεt δik ,
2πi 2πi (t − τ1 + iδ)(τ1 − τ2 + iδ)

i, k = 1 . . . 3

R
where Tij (ε1 , ε2 ) = dxΨi ε1 (x, t)Ψjε2 (x, t) is the matrix of scalar
products of wave functions.
• The Winner-Hopf equation is solved by expansion in the reection

and transition coecients into the impurity, or by expansion in the
phases (elds) α, ζ
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Three wires: the eective action
• Nonlocal quantum mechanics with an innite number of vertices:

Z
Seff [α, ζ] =

+

∞
X
n,k=1

Z
dω |ω| α(−ω)α(ω)
dω
|ω|
ζ(−ω)ζ(ω)
+
+
4π 2πν1
2
2π 2π(ν1D + 2ν2D )
2

1
(2n)!(2k)!

Z

dω1 · · · dω2n+2k
Γ2n,2k (|R|2 , |T |2 ; ω1 · · · ω2n+2k )×
(2π)2n+2k

α(ω1 ) · · · α(ω2n )ζ(ω2n+1 ) · · · ζ(ω2n+2k )2πδ(ω1 + · · · + ω2n+2k ),
where ν1D ≈ −ν1 ∼ V1 , ν2D ≈ −ν2 ∼ V2 are two interaction
parameters.
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Three wires: the properties of theory
•

Innite number of vertices, but they are related by recurrence
relations

• The innite chain of the renormalization group equations:

dΓ2n,2k (µ)
= −2ν1 Γ2n+2,2k (µ) − 2(ν1D + 2ν2D )Γ2n,2k+2 (µ),
d log µ
n, k = 0, 1 . . . ∞
•

Duality of the theory: attraction in wire 1-2 is dual repulsion:
V1 ↔ −V1

& R↔K

& α(ω) ↔ sign(ω)α(ω)

• Exact solution near critical points ≈ zero charge
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Three wires: the xed points and critical
behavior (in one loop)
•

Three RG xed point: N,A,M. In one system,
does not conduct a current, in the other 
carries out only current in the wire 1-2(most
eectively), and in the third M  currents in
the wire 1-2 and 3 are of the same order

infrared attracting only if attraction in the
strong enough

• The point M will be

third wire is

Range of values of conductance components and RG stable points
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Four wires: the xed points and critical
behavior (in one loop)

RG xed points:
NN, NA, AN, AA. The rst
letter correspond the
conductivity component in the
wire 1-2, the second  in the
wire 3-4; N is the zero
conductivity component, and A
is the maximum possible.

• 2×2=4

Range of conductance
components and RG stable
points

• The transient conductivity

component at a xed point will
always be zero σ12 → 0
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Conclusions
• The full

wires

• The

eective action has been obtained for three and four

leading logarithms have been summed (the renormalization
in one loop are solved)

group equations

xed points and the critical indices have been determined
by perturbation theory. In the leading logarithms, they coincide with
other approaches

• The RG

• The

dualities in all orders of perturbation theory are proven

exact solutions (in all orders of perturbation theory) near xed
points have been obtained

• The
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Thank you for your attention!
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